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The necessary and sufficient conditions for the capture of at least one evader are obtained in a problem of the simple pursuit
of evaders by a group of pursuers, subject to the condition that the evaders use the same control and do not leave the limits of
a polyhedral set. © 2002 Elsevier Science Ltd. All rights reserved.

In the theory of differential games, the problem of pursuit by a group of pursuers and the problem of
the evasion of a group of pursuers by a single evader are well known [1-8].§ The situation of a conflict
interaction, when two groups, pursuers and evaders, participate in the game is a natural extension of
the above-mentioned problems. The aim of the group of pursuers is to capture a specified number of
evaders, while the aim of the group of evaders is the opposite [6-14].

Sufficient conditions for the capture of at least one evader were obtained in [13] in a differential
game with many pursuers and evaders, subject to the condition that the evaders use the same control.
A special case of the above-mentioned problem was considered in [14]. The necessary and sufficient
conditions for the capture of at least one evader were obtained in [15] in the case of simple pursuit
subject to the condition that the evaders use the same control and there are no phase constraints.

In this paper, the conditions for the capture of at least one evader are obtained in a problem of simple
group pursuit, subject to the condition that the evaders use the same control and do not leave the limits
of a convex polyhedral set.

1. FORMULATION OF THE PROBLEM

A differential game involving n + m persons: n pursuers and m evaders, is considered in the space
R¥(k = 2). The laws of motion of each of the pursuers P; (with a control 1) and of each of the evaders
E; (with a control v) have the form
Y=u, lwlst yi=v lwISL x.y;, u,veR* (1.1
When t = 0, the initial conditions

x;(0)=x?, yj(0)=y?, and x?#y;) 1.2)
are specified. Here and henceforth, unless otherwise stated,i = 1,2,..., n,j=1,2,..., m

It is additionally assumed that, during the course of the game, the evaders do not leave the limits of
the convex polyhedral set

D={y:yeR*, (p.y)spu,, s=l...r}

where py, ..., p, are unit vectors and p,, ..., l, are real numbers such that Int D # @.

tPrikl. Mat. Mekh. Vol. 66, No. 2, pp. 238-245, 2002.
tSee also: PETROV N. N, Simple pursuit with the existence of phase constraints. Leningrad, 1984. Deposited at the All-
Union Institute for Scientific and Technical Information (VINITI) 27.03.1984, No. 1684-84.
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Suppose T > 0 and o is a certain finite subdivision

O=ty<yy<f<..<t,<t,, =T
of the segment [0, 7.

Definition 1. We shall can the family of mappingsc¢' (! =0, 1, ..., g) that put the measurable function
v(¢), which is defined for t € (#,#;,1) and is such that

flv D=1 y;(eD, rely.1,,)

in correspondence to the quantities

(1, x; (1) y; (1), ,;?g'),,m,.in I x: (O -y;O D (1.3)

the piecewise-preset strategy V of the evaders E; corresponding to the subdivision o.
Note that the actions of the evaders can be treated in the following manner: there is a centre which,
according to the quantities (1.3), chooses the same control v(t), ¢ € (f;#41) for all of the evaders E;.

Definition 2. We shall call the family of mappings b/(l = 0,1, ..., q) that put the measurable function
u(t), which is defined for ¢ € (t;#,41) and is such that

lu; (D=1, relf,b,,)

in correspondence to the quantities (1.3) and the control v(¢), t € (t;, t,,1) the piecewise-preset counter
strategy U; of the pursuers P;, corresponding to the subdivision o.

Definition 3. In the game I', avoidance of an encounter occurs if, for any T > 0, a subdivision o of
the segment [0, 7] and a strategy V of the evaders E; exist such that, for any of the trajectories x,(t) of
the pursuers P;

x,(2y (), te[0,T]

Definition 4. In the game T', a capture occurs if a T > 0 exists and, for any strategy V of the evaders
E;, piecewise-preset counter strategies U; of the pursuers P;, an instant T € [0, T] and a numbers € {1,
2,....,m}re {1,2,..., n} exist such that

x, (1) =y,(1)

2. AUXILIARY RESULTS

Definition 5 [16]. The vectors ay, a, ..., a, form a positive basis R¥ if, for any x € R¥, positive real numbers
oy, Oy, .- ., O, exist such that

X =a|a| +(X2a2 +...+asas

Lemma 1. Suppose the vectors ay, ..., a; form a positive basis. Then, for any vectors by, b1, ...,
by(1 =1 =<y5),apy > 0 exists such that, for all p > py,

ay,...,a.1,b+ yay, ..., by + pa;
form a positive basis.

Proof. Suppose the lemma is untrue. Then, vectors by, ..., b; and a sequence W, — oo exist such that
ay,...,a;_1,b) +P,ay.... by + L a;

do not form a positive basis. A sequence {v,}, llu,ll = 1 therefore exists {16] such that, for all n,
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(a,0,)<0, r=1...0-1 (a,+U;'b,v,)<0, r=l...s 21)
By virtue of the compactness of a unit sphere, it can be assumed that v, = vy, {ly|] = 1. On taking the limit
in (2.1), we obtain (a,, vp) < 0 that contradicts the positiveness of the basis [16].
Corollary. Suppose the vectors a,, ..., a, form a positive basis. Then, for any vectors b, b4y, ...,
b(1 <[ =y), a number yy > 0 exists such that, for all p > p,, the systems of vectors
{al,...,a,_l,b, +ua,,...,bx +“as}, {al,...,a,_l,aan,b, +|J.a,,r$(10,r= l,...s}
form a positive basis.
Suppose
Ma, v)=[(@, v)+[(@ v+ lal? (=NvIDVEI/ lal?, B, v)=(a, v)
Lemma 2. Suppose 1 <[ =< 5. The vectors ay, ..., a; form a positive basis when and only when
"m"in' max{Aa,, v),....Ma;, v ),B(a,.;, v),...,.Bla,, 1)}>0
V(=
3. SOLUTION OF THE PROBLEM
Instead of system (1.1), (1.2), we consider the system
. _ _,0 __0_ 0
j=u-v, z,;(0)=z;=x; -y (3.1

We will denote the interior and the convex envelope of the set X C R¥ by IntX and coX respectively.
We shall henceforth assume that the following condition is satisfied: any & vectors from the set are
linearly independent and y}) € IntD.

0
(2 =y%yg =yl.a#r. py..upy)

Theorem 1. Suppose
OeIntco[x?—y?,p,,...,p,} 3.2
Then, in the game I', avoidance of an encounter occurs.
Proof. It follows from condition (3.2) that a unit vector v, exists such that
(x? -y?, Up)}<0, (p,,vp)=0 forall ijs

We will specify the strategy I of the evaders E; as follows: 6 = {0, } and v(f) = y, for allz = 0.
Then, y;(t) = y}) + yyt. Hence

(Psr Y /(D) = (P ¥ )+ 1Py g )SH

The last equation implies that the evaders do not leave the limits of the set D. Moreover,
!
X, ()= y;OI=llx) + [ u(tdr=y] —vot 1=l x) - y) - vot |-t =
0

=[1x? = y0 12 +2% =2(x2 =%, ug )% ~1>0 forall +>0

Theorem 2. Suppose n < k — 1. Then, an encounter is avoided in the game I'.
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Proof. Suppose the number

d=min]| Y=yl e>0e<d/12)
Py

is such that, for all j,
(z:llz-y? lIsejcD
Suppose
3, =3e/(s+2), Jo(t)={it llyo(ts)— Xt <D}
We will now show that, for each i € {1, ..., n}, no more than one set Ju(z,) exists such that
ie Ju(t).
Suppose i € Jy(t;) N Jp(E;). Then
d<|l yo (1) = yp ) W< yo (1) = x5, ) I+ x; (1) = yp (1) 1= 28, <d
We will specify the strategy 7 of the evaders E; as follows:
o= {t;}smp, t0=0, t;yq =1, + €/(s +2), v(t) = v, forall ¢ € [t, t;,4], where vy, ||v]| =1
satisfies the following system
W X, (1) =y, (N S O, ged (1), W3 (t) =y )<0
We will now prove that this strategy guarantees that an encounter will be avoided. We use the notation
A;=llx;0-y;ON

1. We will show that y;(t) # x(¢) for all t. Suppose ¢ € [t,, £;,1]. Then, if i € Ji(¢,), we have Ay(r) > 0 by
virtue of the choice of v, and, if i € Ji(¢), then

A;i(1,)>38,, AU(I)ZAU(tx)—2(!—tS)>83 —2(t;,, —1,)>0
2. We will show that y,(t) € D for allz € {t,, £;,;]. The conditions
nneD, |y®-y lIsets+DAs+2)

follow from the choice of v; and previously obtained results [17].
Since

Iy (0~ =Ny 1)~y |l forall¢
then, by virtue of the choice of €, we obtain y;(t) € D. Theorem 2 has been proved.
Theorem 3. Suppose n = k and
OeIntco{x?—y?,pl.---,P,} (3.3)
A capture then occurs in the game I.
Proof. If r = O, the proof follows from previously obtained results [16].
Suppose r = 1. Condition (3.3) means that the vectors g y}), 1} form a positive basis. We now

consider the minimum positive basis. By virtue of the assumption and a previously obtained result ([8],
p. 109, Theorem 1.7), the minimum basis set contains & + 1 vectors. If the vector p, does not occur in
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the minimum positive basis, the assertion follows from previously obtained results [15]. Suppose p; occurs

in the minimum positive basis. We denote the set of indices i € {1, ..., n} occurring in the minimum

positive basis by 1. Suppose J(i) = |j|x] y/0 occurs in the minimum positive basis, J = U J(i). If
iel

[7] = 1 the assertion of the theorem follows from previously obtained results [8]. Suppose [J| = 2
We assume that 7 = {1,...,4},J={1,...,/}.
Next, suppose ¢, = yg - yg. Then, z,% = z,-ol + ¢ for all i, o, o # 1. Hence the set
(23.iel, ¢, aed,a#l,p}

forms a positive basis. It can be assumed that this basis is the minimum basis. Since n = &, theng < n.
Hence,q +a-1le {g+1,...,n}forallaz1, acJ
By virtue of the corollary, the set

(ziel, Zg+a—l,l +pel,azlael, p}
forms a positive basis for a certain u > 1. We specific the pursuers’ controls as follows (¢ € [0, T]):
u () =v (=M v (N2, iel
Ugra (D =V ()= MZgyq-1, +HE Y (ON2squry +HeT), aed, ozl

The instant T will be indicated below.
From system (3.1), we have

z1 () =z hi(0), i€l (3.4)

Zq+a—l,](t)+ UC;I = (ng-n.l + ucr)hq*ﬂ-|(t)’ ael, ozl
where ,
R(0)=1~] Mz v (D)t
0

'
hq+a—l(t) =1 "I A'(zgﬂx-l,l + Muv v(tydt, azl, ael
0

Since the strategy of the evaders is permissible, then (py, y;(f)) < p, for all £ > 0. Hence
H
[ (prv(de<y: Y =max( -(P1.y))
0

By virtue of Lemma 2, the quantity

8= lIm‘m max{A(z;;,v), i€l k(zqm_ y+uel,v), ol aed,(p,v))
U

is positive. Suppose Ti(f) and T,(r) are two subsets of the interval [0, ¢] such that

T,(1) ={t]tel0,1], (p),v(1))<d}
T,(={t|1el0,], (p,v(1))=3)

Then

Y= J (prvdr= [ (pv()dt+ [ (p, vt = ST (1) - (T, (1))
Ti(1) (N

On the other hand, w(T»(¢)) + w(71(t)) = ¢ (1 is a Lebesgue measure).
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It follows from the last two relations that

K(T (1)) = (B~ ) /(1+9)

Moreover
t t
Y h)=n-{ T Mw@)drsn~-| M(t)dt
i 0 i 0
where
M) =max A (WD) Ai (V) =My, v), €D Agug (V) = M2hsqory + 1], V),
azl,ae/
Further
t -y
[ M(vdr= | M(T)dt=28u(Ti(1))=86—
0 70 1+y
Hence
-y

; hi(t)$n—8T+—Y‘

It follows from the last inequality that an instant 7 and a number 7 exist such that 2(T) = 0. Ifr e I,
then z,;(T) = 0 and, consequently, a capture occurs in the game I'.

If hygyo-1(T) = O for a certain o € J, 0 # 1, then z, .o _1.1(T) = et

The inclusion

Oelntco{x (T) -y, (T),iel, jel,p) (3.5
holds.
In fact, from relations (3.4), we have z3} = z;,(T)/h(T). Moreover
2i(T) =25 (N + ¢ = 2y (T + 2% - 2]} forall aed, azl

Hence

1-hy(T)
hi(T)

22 = 2 (M =z (T + 25 = 2io (T)+ z;(T) for all weld, a%l

According to the condition, the system {zg-, i€ I,je J p;} forms a positive basis. Hence, the system

wd 1-h(T)
{h,-(T)' Zig(T)+ T z,‘(T).ae[\m,pl}

also forms a positive basis.
Since 7(T) € (0, 1), the system of vectors {z;{T), i € I,j € J, p;} forms a positive basis. Hence, the inclusion
(3.5) follows.
Since
xi(T) =y /(1) = x(T) = Yo o ( T)+ A(T), A(T) = Yo, (T)—y(T)
the set
{(xi(T) = Yoo (T A(T), x(T)=y(T), iel,jeJ\{1},p} (3.6)
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forms a positive basis. It follows from the condition z o, 11(T) = —uct that
Xgrag-1(T) = Yag (T) = Xguq0 1 (T) =y (T) = AT) = (= 1)(yg, = )
Note that A(T) = y%, - ).
On replacing the vector A(T) in system (3.6) by the vector x;1.¢-1(T) ~Ya,(T), we obtain that the set

which is obtained here forms a positive basis. Hence,

Oelntco{x(T)~y;(T), j#1. p}

Adopting the instant T as the initial instant, we obtain a game in which m — 1 evaders now participate.
On continuing this process further, we obtain that an instant T} exists such that

Oelntco{x;(Ty) - y,(Ty). p,}

for a certain s. Capture now follows from the known results in [8].
Suppose the number r > 1 is arbitrary. Since the vectors

0
{x) =y} Ppsees Pr)
form a positive basis, positive numbers a;, 3, exists such that

0= Z aij(x? - y.(,)) + Z Bsps (37)
Ly 5

We consider the vector
Po =Bipr +...+B,p,
We will show that
{x? = ¥7. pol (3.8)
form a positive basis if py # 0 and that a positive basis is formed by
{x) = yj}, if po=0.
Suppose py # 0, x € R*. By virtue of the assumption, any k vectors from the set {x! -’} are linearly

independent. Hence, real numbers y;, ..., ¥, and vectors by, ..., b, from the set {x? — y](-)} exist
which are such that

X = Ylbl +"'kak

By virtue of relation (3.7), we obtain
x=Y b+ by "'d[Z aij(x? ‘)’?)'*’ z ﬁsps] =dpy + Z ag(Xf’ ‘)’?) (3.9)
iJ s ij

Taking the number d to be positive and sufficiently large, we obtain that all the coefficients on the
right-hand side of equality (3.9) are positive. This fact also means that the vectors (3.8) form a positive
basis.

The case when py = 0 is treated in a similar way. The theorem is proved.
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